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Abstract
In this paper, a newmultivariate skew normal-based stochastic frontiermodel (SFM) is
developed tomodel the relationship between technical inefficiency and random noises.
The proposed model is a flexible extension of the classical normal–half-normal SFM
and does not require the data are independent and identically distributed. The new
proposed model accommodates both positive and negative skewness and provides an
alternative solution of ‘wrong skewness’ problems from the classical SFM.Maximum
likelihood estimators of parameters are provided. The simulation study and a real data
example are given for illustration of our results.

Keywords Multivariate skew normal distribution · Stochastic frontier model ·
Technical efficiency · Wrong skewness problem

1 Introduction

The stochastic frontier model (SFM) is the most useful approach to study productivity
and efficiency of a cross section of firms independently proposed by Aigner et al. [1]
and Meeusen and Broeck [2]. The basic model can be written as:
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Yi = X�
i β + Vi −Ui , i = 1, . . . , n. (1)

The regression part of SFM is the production frontier of the i th firm. The dependent
variable Yi denotes the output and the vector X i is inputs. The error term Vi repre-
sents stochastic effects outside the control of the i th firm, and the i th firm possesses
an inefficiency term Ui ≥ 0 [3], In the standard SFM, people usually assume that
V = (V1, . . . , Vn)� and U = (U1, . . . ,Un)

� are independent such that Vi ’s are inde-
pendent and identically distributed (i.i.d.) with Vi ∼ N (0, σ 2

v ) and Ui ’s are i.i.d. on
R

+.
It is well known [4] that the third moment of Ei = Vi −Ui is given by

E
[
(Ei − E[Ei ])3

]
= −E

[
(Ui − E(Ui ))

3
]
,

so that a positive skewness ofUi implies a negative skewness for Ei . This restriction in
SFMcould be incompatiblewith the real datawhen residuals shows positive skewness.
This is known as the wrong skewness issue in SFM literature [5, 6]. The wrong
skewness problem implies that the estimated variance of U is zero, which means full
efficiency for all firms across the whole industry.

In order to solve the wrong skewness problem, Smith [7] relaxed the independence
assumption between V and U by applying the symmetric copula models in SFM.
Bonanno [8] applied the FGM copula for the dependence between V and U . More
recently, the copula-based SFM was extended by the asymmetric copula, the skew
normal copula [9].

In this paper, we propose a multivariate skew normal-based SFM (MSN-SFM). It
assumes that components of the error term V in SFM are identically skew normally
distributed such that their joint distribution is a multivariate skew normal distribution
defined by Azzalini and Dalla Valle [10]. The components of the inefficiency term
U are i.i.d. half normally distributed. For simplicity, we assume that U and V are
independent. The main advantages of the new proposed model are as follows. (i) In
reality, there is noway to justify thatYi ’s are independent.Under the assumptions of our
model, Ei ’s are not independent but identically distributed when skewness parameter
of Vi is not zero. (ii) The skewness in the composite error Ei allows both positive and
negative skewness; thus, it provides an alternative solution when the wrong skewness
appears. (iii) Recently, it has been shown that the mean square error of the location
estimator under the dependence assumption is smaller than that under the independent
assumption [11].

Simulation studies on the performance of the proposed MSN-SFM are given with
comparisons of the classical normal–half-normal SFM and i.i.d. skew normal–half-
normal SFM (SN-SFM). A real data application with the wrong skewness under the
classical SFM shows that the proposed MSN-SFM performs better than other two
models. Our proposed MSN-SFM provides nonzero inefficiency estimates among
firms.

This paper is organized as follows. The brief review of skew normal families as
preliminaries are given in Sect. 2. The main results of theMSN-SFM and SN-SFM are
provided in Sect. 3, and the skewness of the composite in new proposed MSN-SFM is
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derived. The firm-specific efficiency is discussed in Sect. 4. The maximum likelihood
estimation of parameters and the simulation study are included in Sect. 5. In Sect. 6,
real data with wrong skewness are analyzed under new proposed models and SFM for
the illustration of our main results. Conclusion and further works are given in Sect. 7.

2 Preliminaries

In this paper, Mn×m denotes the set of all n × m matrices over the real field R and
R
n = Mn×1. For any B ∈ Mn×m , B� is the transpose of B. In ∈ Mn×n is the

identity matrix. an is the column vector (a, · · · , a)� ∈ R
n . Jn = 1n1�

n . Let b =
(b1, . . . , bn)� ∈ R

n , diag(b1, . . . , bn) is the diagonal matrix of b. φn(· ;μ,�) and
�n(· ;μ,�) are the probability density function (PDF) and cumulative distribution
function (CDF), respectively, of an n-dimensional normal distribution with the mean
vector μ ∈ R

n and covariance matrix �, simply, φn(· ;�) and �n(· ;�) for the case
whenμ = 0n . Also, φ(·) and�(·) are, respectively, the PDF andCDF of the univariate
standard normal distribution.

The multivariate skew normal (MSN) distribution was introduced by Azzalini and
DallaValle [10]. Its extensions and applications have been studied bymany researchers
[12–14]. Consider the n + 1-dimensional multivariate normal distribution given as
follows:

(
Z0
Z1

)
∼ Nn+1

(
0,

(
�, 0
0, 1

))
,

δ = (δ1, . . . , δn)
� with −1 ≤ δ1, . . . , δn ≤ 1, and Dδ = diag

(√
1 − δ21, . . . ,

√
1 − δ2n

)
. Defining

Z = DδZ0 + δ|Z1|,

then Z has an n-dimensional skew normal distribution with parameters (�̄,α) related
to δ and � as follows:

λ = D−1
δ δ, �̄ = Dδ(� + λλ�)Dδ, α =

(
1 + λ��−1λ

)−1/2
D−1

δ �−1λ,

denoted by Z ∼ SNn(�̄,α). Let Y = μ + ωZ, where μ ∈ R
n,ω =

diag(ω1, . . . , ωn), ωi > 0, i = 1, . . . , n. The PDF of Y is given by

f ( y) = 2φn( y;μ,�)�(α�ω−1( y − μ)), (2)

where � = ω�̄ω. Y is called a multivariate skew normal random vector with location
parameter μ, scale matrix � and skewness α, denoted by SNn(μ,�,α). From the
construction of MSN distributions, we can see that components of an MSN random
vector are dependent when the skewness parameter of each component is not zero.
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In order to prove our main results, we need the closed skew normal (CSN) distribu-
tion defined by González-Farías et al. [15]. A random vector X ∈ R

p is said to have a
CSN distribution with parameters q ≥ 1, μ ∈ R

p, � ∈ Mp×p, D ∈ Mq×p, ν ∈ R
q ,

	 ∈ Mq×q , denoted by X ∼ CSNp,q(μ,�, D, ν,	), if its PDF is given by

f p,q(x;μ,�, D, ν,	) = Cφp(x;μ,�)�q(D(x − μ); ν,	), x ∈ R
p,

where C−1 = �q(0; ν,	 + D�DT ).

Remark 2.1 The closed-skew normality was applied to the stochastic frontiers in [16],
where the vector of random errors V is assumed to be the multivariate normal dis-
tributed. In this paper, we assume that V follows MSN with skewness vector λ, which
generalizes the results in [16] for the case where T = 1.

The moment generating function (MGF) of the CSN distribution, which will be
utilized for constructing the MSN-based SFM, is given in the following lemma.

Lemma 2.1 [15] Let X ∼ CSNp,q(μ,�, D, ν,	), then the MGF of X is,

MX (t) = �q(D� t; ν,	 + D�DT )

�q(0; ν,	 + D�DT )
exp

(
t�μ + 1

2
t�� t

)
, t ∈ R

p.

3 Multivariate Skew Normal-Based SFM and the Skewness of the
Composite Error

In this section, we consider case where � = In in Eq. (2) so that

V = (V1, . . . , Vn)
� ∼ SNn(0,�,α),

where

� = σ 2
v Dδ(In + λλ�) and α =

(
1 + λ�λ

)−1/2
D−1

δ λ.

Thus, it is easy to show that Vi ∼ SN1(0, σ 2
v , λi ), i = 1, . . . , n. Specially, if λi ’s are

equal, then Vi ’s are identically distributed.
The following result is our main theorem on the joint distribution of the composite

error term in SFM in Eq. (1).

Theorem 3.1 Assume that V ∼ SNn(0,�,α) given above, and U is distributed as
the n-dimensional half-normal distribution with the covariance matrix σ 2

u In, denoted
as HNn(0n, σ 2

u In). Then, the joint density of E = V − U in Eq. (1) is

fE (ε) = Cφn

(
ε; 0n,� + σ 2

u In
)

�n+1 (Dε; 0n+1,	) ,
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where

C−1 = �n+1

(
0n+1; 0n+1,	 + D(� + σ 2

u In)D
�)

,

D =
(

b�
−σu In

)
(� + σ 2

u In)
−1,

	 = In+1 −
(

b�
−σu In

)
(� + σ 2

u In)
−1(b,−σu In),

b =
(
σ 2

v + α��α
)−1/2

�α.

Proof Since V ∼ SNn(0,�,α), by the PDF of SNn(μ,�,α) given in Eq (2), V ∼
CSNn,1

(
0n,�,α�/σv, 0, 1

)
. Furthermore, the MGF of U is

MU (t) = �n(σu t; 0n, In)
�n(0n; 0n, In) exp

(
1

2
σ 2
u t

� t
)

.

Thus, the MGF of E = V − U is given by

ME (t) = E
[
et

�V e−t�U
]

= �(b� t)�n(−σu t)
�(0)�n(0n)

exp

{
1

2

(
t��t + σ 2

u t
� t

)}
.

It can be shown that E follows CSNn,n+1(0n,� + σ 2
u In, D, 0n+1,	) with

D =
(

b�
−σu In

)
(� + σ 2

u In)
−1, b =

(
σ 2

v + α��α
)−1/2

�α,

	 =In+1 −
(

b�
−σu In

)
(� + σ 2

u In)
−1(b,−σu In).

The desired result follows. ��

If we assume that components of E are identically distributed, then the distribution
of E is given by the following results.

Corollary 3.1 Let U ∼ HNn(0, σ 2
u In) and V ∼ SNn(0,�,α), where

� = σ 2
v

[
(1 − δ2)In + δ2 Jn

]
and α = δ√

1 + (n − 2)δ2−(n − 1)δ4
1n .

(i) The joint density of E = V − U in Eq. (1) is

fE (ε) = Cφn

(
ε; 0n,� + σ 2

u In
)

�n+1 (Dε; 0n+1,	) , (3)
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where

C−1 = �n+1

(
0n+1; 0n+1,	 + D(� + σ 2

u In)D
�)

D =
(

b�
−σu In

)
(� + σ 2

u In)
−1,

	 = In+1 −
(

b�
−σu In

)
(� + σ 2

u In)
−1(b,−σu In)

b =
(
σ 2

v + α��α
)−1/2

�α.

(ii) The distribution of the average of E , Ē = 1
n 1

�
n E , is Ē ∼ CSN1,n+1(

0, σ 2
ε̄ , Dε̄, 0n+1,	ε̄

)
, where

σ 2
ε̄ = 1

n

[
σv

(
1 − δ2

)
+ σ 2

u

]
+ σ 2

v δ2

Dε̄ = 1

nσ 2
ε̄

(
b�̄
ε−σu In

)
1n,

	ε̄ = In+1 − 1

n2σ 2
ε̄

(
b�̄
ε−σu In

)
Jn(bε̄,−σu In),

bε̄ =
(
σ 2

v + α��α
)−1/2

�α.

The density curves of Ē with various of σu , σv , λ = δ/
√
1 − δ2 and sample size n

are given in Fig. 1. From the figure, we can see that the skewness of Ē increases as λ

or sample size n increases.
For the case where Vi ’s are i.i.d. as SN1(0, σ 2

v , λ), we have an alternative model
called skew normal SFM (SN-SFM) given in the following theorem.

Theorem 3.2 [6] Consider i.i.d. components of V , i.e., Vi ∼ SN1(0, σ 2
v , λ) and Ui ∼

HN1(0, σ 2
u ). The PDF of Ei = Vi −Ui is

fEi (εi ) = C0φ
(
εi ; 0, σ 2

ε

)
�2 (Dεi ; 02,	) , εi ∈ R,

where C−1
0 = �2

(
02; 02,	 + σ 2

ε DD�)
, D = 1

σ 2
ε

(δσv,−σu)
�, and

� = I2 − 1

σ 2
ε

(
δ2σ 2

v −δσvσu
−δσvσu σ 2

u

)
, δ = λ√

1 + λ2
, σ 2

ε = σ 2
u + σ 2

v .

The proof is similar to that given in Theorem 3.1.
Next, we are going to show that our proposed models allow both positive and

negative skewness.
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Proposition 3.1 Let U ∼ HNn(0, σ 2
u In) and V ∼ SNn(0,�,α), where

� = σ 2
v

[
(1 − δ2)In + δ2 Jn

]
and α = δ√

1 + (n − 2)δ2−(n − 1)δ4
1n .

The skewness of Ei = Vi −Ui is given by

E

[(Ei − E[Ei ]
σε

)3
]

= E[E3
i ] − 3E[Ei ]E[E2

i ] + 2(E[Ei ])3
(E[E2

i ] − (E[Ei ])2)3
, (4)

where the first three moments of Ei are given by

E(Ei ) =
√

2

π
(δσv − σu), E(E2

i ) = σ 2
ε − 4

π
δσuσv,

E(E3
i ) =

√
2

π

(
3δσvσ

2
ε − δ3σ 3

v − 3σuσ
2
ε + σ 3

u

)
,

with δ = λ√
1+λ2

, σ 2
ε = σ 2

v + σ 2
u .

Proof The proof is straightforward. ��
Remark 3.1 It can be shown that the proposed MSN-SFM models accommodate both
negative and positive skewness. Specifically, the skewness of Ē given in Corollary. 3.1
as a function of δ when σu , σv = 0.5, 1 and n = 1, 5, 10, respectively, is given in
Fig. 2.

Remark 3.2 From the graphs, we can see that the skewness increases as sample size
n increases, so that the central limit theorem fails. This is due to the dependence
assumption in the components of V . This case can also be verified by Fig. 1. The
distribution of Ē given in Corollary 3.1 depends on the evaluation of �n+1, which is
difficult to calculate for large sample size n. This will be our future research topic to
investigate.

4 Firm-Specific Efficiency

In this section, the inefficiency of individual firms based on the multivariate SFMs
proposed in Sect. 3 is investigated. Note that Vi and Ui in SFM given in Eq. (1)
are latent variables, the composite error term E can be obtained, but the technical
efficiencies T E = exp(−U ) are to be estimated. By [7, 17], the T E can be calculated
by:

T E(εi ; θ) = E[exp(−Ui )|Ei = εi ].

From Theorem 3.1, the conditional distribution of U given Ei = εi and the T E , are
given below.
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0.0

0.1

0.2

0.3

0.4

−2 0 2 4 6
ε

f( ε
)

( λ , n )=( 0.5 , 10 )
( λ , n )=( 1 , 10 )
( λ , n )=( 3 , 10 )

0.0

0.1

0.2

0.3

−2 0 2 4 6
ε

f( ε
)

( λ , n )=( 3 , 2 )
( λ , n )=( 3 , 5 )

( λ , n )=( 3 , 10 )

Fig. 1 Plots of Ē for σu = 1 and σv = 4 with λ = 0.5, 1, 3 for n = 10 (top figure) and n = 2, 5, 10 for
λ = 3 (bottom figure)

Proposition 4.1 Let V ∼ MSNn(0, 
,α) given in Theorem 3.1, and U ∼
HNn(0n, σ 2

u In), then the conditional PDF of Ui given Ei = εi is

fUi |Ei (ui |εi ) =
2φ2

(
ui + εi , ui ; (0, 0)�, diag(σ 2

v , σ 2
u )

)
�

(
λ
σv

(ui + εi )
)

Cφ(εi ; 0, σ 2
v + σ 2

u )�2(Dεi ; (0, 0)�,	)
, (5)
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Fig. 2 The skewness of Ē as a function of δ when σu , σv = 0.5, 1, and n = 1, 5, 10, respectively

whereC−1 = �2(02; (0, 0)�,	+D�D�)and�, D are given inEq. (3), respectively,
and

T E(εi ) = EUi
[exp(−Ui )|Ei = εi ] =

∞∫

0

exp(−ui ) fUi |Ei (ui |ε)dui . (6)

Remark 4.1 Themarginal PDF curves, fEi (εi ), of Ei in Eq. (3) and their corresponding
technical efficiencies, T E(εi ), in Proposition 4.1 are given in Fig. 3. The PDFs in
Eq. (3) with σv = 1 and σu = 1, 0.5 are shown in the left column of Fig. 3, and
the plots of the T E in Eq. (6) with εi = −0.1,−0.5 and σv = 1 are given in the
right column. The plots in the top panel of Fig. 3 show that density and TE curves are
affected by values of λ = −5,−1, 0. The plots in the bottom panel of Fig. 3 show the
density and TE curves having wrong skewness (positive skewness) with λ = 1 and 5.

From Fig. 3, we can see that the values of λ play important roles in the marginal
density curves of fEi (εi ) and the shapes of T E(εi ): (i) fEi (εi ) show both left skewed
and right skewed shape depending on the values in λ and (ii) as λ increases from
negative values to positive values, the shape of fEi (εi ) changes from left skewed to
the right skewed.

5 Maximum Likelihood Estimation and Simulation Studies

In this section, we propose the maximum likelihood estimates for parameters in both
MSN-SFM and SN-SFM and derived estimates of technical efficiencies.

We assume that the frontier output is the production function of inputs in the form

y = f (x;β),

with unknownparameter vectorβ. For instance theCobb–Douglas production function
has the form [7, 18]

y = f (x;β) = exp(β0)x
β1
1 xβ2

2 · · · xβm
m ,
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0.0

0.2

0.4

−6 −4 −2 0 2 4
ε

f(ε
)

( σv = 1 , σu = 1 )
 λ = 0   

 λ = −1   
 λ = −5   

0.25

0.50

0.75

1.00

0 1 2 3 4
σu

TE
(σ

u)

( ε = −0.1 , σv = 1 )
 λ = 0 

 λ = −1 
 λ = −5 

0.0

0.2

0.4

0.6

−6 −4 −2 0 2 4
ε

f (ε
)

( σv = 1 , σu = 0.5 )
 λ = 0   
 λ = 1   
 λ = 5   

0.25

0.50

0.75

1.00

0 2 4 6
σu

TE
(σ

u)

( ε = −0.5 , σv = 1 )
 λ = 0 
 λ = 1 
 λ = 5 

Fig. 3 Density curves of Ei in Eq. (3) with σv = 1 and σu = 0.5, 1 are given in left column, and curves of
T E(ε) in Eq. (6) with εi = −0.1,−0.5 and σv = 1 are given in right column. Top panel plots are the curves
with λ = (−5,−1, 0). The bottom panel plots are the curves showing wrong skewness with λ = (0, 1, 5)

and its log transformation is

log y = log f (x;β) = β0 + β1 log x1 + · · · + βm log(xm) ≡ x�β,

where x = (1, log(x1), . . . , log(xm))� is a (m + 1)-vector input in the natural log
form.

With the data of n firms, the log-likelihood function for the Cobb–Douglas produc-
tion given in Eq. (1) for MSN-SFM and SN-SFM is given as follows, respectively:

�MSN (β, θ) =
n∑

i=1

log fE (log yi − x�
i β)

= logC + logφn

(
ε; 0n,� + σ 2

u In
)

+ log�n+1 (Dε; 0n+1,	) ,
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and

�SN (β, θ) =
n∑

i=1

log fE (log yi − x�
i β) = n logC +

n∑
i=1

logφ(log yi − x�
i β; 0, σ 2

v + σ 2
u )

+
n∑

i=1

log�2(D(log yi − x�
i β); (0, 0)�,	),

where θ = (σv, σu, λ), yi is the output from i th firm, xi is the input vector for i th firm
in log form and fE (·; θ) is the density function given in Eq. (3).

In this section, the maximum likelihood (ML) estimation is implemented via the
Nelder–Mead algorithm in the R package maxLik [19]. The new proposed mul-
tivariate skew normal-based SFMs have multidimensional parameters and may be
multimodal, and the initial values are needed. For the initial values of β, σv , and σu ,
we propose to use themaximum likelihood estimator (MLE) of classical SFM from the
frontier package [20] in R [21]. Once the initial values of β are obtained, we can
calculate the residuals ε’s with εi = yi − xTi β, for i = 1, . . . , n. For the initial value
of parameter λ, we first compute the unbiased moment estimators for skewness in εi ’s,

named the adjusted Fisher–Pearson standardized moment coefficient γ̂ = γ̂0n2

(n−1)(n−2) ,
where γ̂0 is the sample skewness of εi ’s [22]. And we solve the initial value of λ by
setting γ̂ equal to the skewness formula given in Eq. (4).

Noted that the maximum likelihood estimators (MLE), (β̂, θ̂) of (β, θ) in the SN-
SFM and MSN-SFM can be used in T E’ by

ˆT E(ε̂i ; θ̂) =
∞∫

0

exp(−u) fU |E (u|ε̂i ; θ̂)du,

where ε̂i = log yi − x�
i β̂, and fU |E (u|ε; θ) is given in Eq. (5).

Next, the performance of the proposed MSN-SFM is assessed with simulation
studies. To simulate the datasets, the SFM with an explanatory variable X is utilized:

Y = Xβ + V − U,

where Y represents the output vector, X =
(

1, . . . , 1
x1, . . . , xn

)�
, with xi ’s simu-

lated from uniform (0, 1), and β = (0, β1)
� the vector of regression coefficients.

U ∼ HNn(0, σ 2
u In) is the vector of inefficiency error terms. V denotes the vector

of measurement errors so that Vi ’s follow: (a) the i.i.d. N1(0, σ 2
v ) for classical SFM,

(b) the i.i.d. SN1(0, σ 2
v , λ) for SN-SFM and (c) the joint multivariate skew normal

distribution SNn(0,�, α) for MSN-SFM, where 
 and α are given in Corollary 3.1.
In order to show the performance of our main results, we simulate data from MSN-
SFM with two simulation scenarios in the simulation study. Under each simulation
scenario, we simulated M = 1000 datasets with sample sizes n = 25, 50 and 100,
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respectively. Estimates of the parameters in standard SFM, SN-SFM and MSN-SFM
are listed in Tables 1 and 2.

Akaike information criterion (AIC) and Bayesian information criterion (BIC) are
the most commonly used model selection statistics for parametric models [23]. AIC
and BIC are calculated respectively, by

AIC = 2 length(θ) − 2�(θ̂), BIC = log(n) length(θ) − 2�(θ̂),

where � is the log-likelihood function; θ̂ is the maximum likelihood estimate of θ ;
length(θ) is the number of parameters in the model; and n is the sample size. Mod-
els are selected with minimize AIC or BIC values. Note that θ SFM = (β1, σv, σu),
θ SN−SFM = (β1, σv, σu, λ), θMSN−SFM = (β1, σv, σu, λ), and both SN-SFM and
MSN-SFM have the same number of parameters which have one more parameter than
classical SFM.

Case 1 Data simulated fromMSN-SFM: β1 = 1, U ∼ HNn(0, σ 2
u In) with σu = 2,

V1, . . . , Vn in V are identically distributed with V ∼ SNn(0,�,α) with � and α in
Corollary 3.1 and σv = 4, λ = −5.

Table 1 shows the results with data simulated fromMSN-SFM. The mean, absolute
value of bias, and the standard deviation of the MLEs for the parameters in the SFM,
SN-SFM and MSN-SFM are reported. We observe the following facts. (i) All biases
of the MLEs for β1, σu and σv in the SN-SFM and MSN-SFM are smaller than those
in the SFM for three sample sizes. (ii) As the sample size n increases from 25 to 100,
the bias in β1, σu and σv in all three models SFM, SN-SFM andMSN-SFM decreases.
(iii) AIC and BIC values for MSN-SFM are lower than those in both SN-SFM and
SFM for all n = 25, 50 and 100.

Case 2 Data simulated from MSN-SFM with “wrong skewness”: β1 = 1, U ∼
HNn(0, σ 2

u In) with σu = 2, V1, . . . , Vn in V are identically distributed with V ∼
SNn(0,�,α) with � and α in Corollary 3.1 and σv = 4, λ = 5.

Table 2 shows simulation results with data simulated fromMSN-SFM.Note that the
simulated data show the positive skewness, where the negative skewness is expected
in SFM. Thus, the SFM fails to provide estimates for this simulation scenario and the
mean, absolute value of bias and the standard deviation of MLEs for the parameters
in the SN-SFM and MSN-SFM are reported. We observe the following facts. (i) All
biases of the MLEs for β1, σu , σv and λ in the MSN-SFM are smaller than those in
SN-SFM for three sample sizes. (ii) As the sample size n increases from 25 to 100,
both the bias and the standard deviation for β1, σu , σv and λ in MSN-SFM decrease.
(iii) AIC and BIC values for MSN-SFM are lower than those in both SN-SFM for all
n = 25, 50 and 100.

6 Real Data Analysis

In this section, the real data are from rice producers in the Tarlac region of the Philip-
pines in the year 1992, [24, 25]. The dataset from the first n = 20 rice producers
presents a positive skewness for residuals under the classical normal–half-normal
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Table 3 Estimates of parameters from first n = 20 farms in Philippines rice production data in 1992 are
given for the standard SFM, SN-SFM and MSN-SFM

SFM β̂0 β̂1 β̂2 β̂3 σ̂v σ̂u Log-L. AIC BIC

Estimates −.226 .714 .263 .054 .182 .0007 5.669 .661 −5.347

SN-SFM β̂0 β̂1 β̂2 β̂3 σ̂v σ̂u λ̂ Log-L. AIC BIC

Estimates −.163 .771 .067 .249 .184 .235 6.872 6.216 1.566 −6.442

MSN-SFM β̂0 β̂1 β̂2 β̂3 σ̂v σ̂u λ̂ Log-L. AIC BIC

Estimates 1.456 .967 -.034 .031 .331 1.81 7.422 7.196 −.392 −8.4

The log-likelihood (Log-L), AIC and BIC values are also shown
Bold-faced values indicate that the SN-SFM and MSN-SFM are preferable

SFM. The output variable is the freshly threshed rice in tonnes (denoted by Y); the
input variables are area planted in hectares (denoted by X1), labor used includingman-
days of both family and hired labor (denoted by X2) and fertilizer used in kilogram of
active ingredients (denoted by X3).

We apply the standard SFM, SN-SFM and MSN-SFM to the dataset. The Cobb–
Douglas production function is applied as considered in [24, 25]:

log( Yi ) = β0 + β1 log( X1i ) + β2 log( X2i ) + β3 log( X3i ) + Vi −Ui , (7)

where Ui ’s are assumed to follow the i.i.d.HN1(0, σ 2
u ). The model Eq. (7) is called

(a) the SFM if Vi ’s are assumed to follow the i.i.d. normal N1(0, σ 2
v ) [26];

(b) the SN-SFM if Vi ’s are assumed to follow i.i.d. skew normal distribution,
SN1(0, σ 2

v , λ) given in Theorem 3.2;
(c) the MSN-SFM if Vi ’s follow the joint multivariate skew normal, SNn(0,�, α)

given in Corollary 3.1.

From the maximum likelihood estimation results given in Table 3, we have the fol-
lowing conclusions: (i) The residuals from SFM estimation show a positive skewness
(0.38), which is assumed to be negative under the classical SFM. The wrong skewness
problem is evident under the classical SFM, which implies all farms in the industry are
fully efficient. Indeed, there is no variability in inefficiency termU under SFM, where
the MLE of σu is close to zero (σ̂u < 0.001). (ii) The SN-SFM and MSN-SFM pro-
vide strong positive skewness parameter estimates λ̂ = 6.872 and 7.422, respectively.
(iii) The AIC values (0.661 for SFM, 1.566 for SN-SFM and −0.392 for MSN-SFM)
indicate that MSN-SFM fits best among three models. (iv) The BIC values (−5.347
for SFM, −6.442 for SN-SFM and −8.4 for MSN-SFM) show that the MSN-SFM is
preferred to the SN-SFM, and the SN-SFM is in turn preferred to the SFM.

Table 4 provides the descriptive statistics of the technical efficiency scores among
farms (left panel), five farms with highest efficiency scores under SN-SFM andMSN-
SFM (middle panel) and five farms with lowest efficiency scores under SN–SFM
and MSN-SFM (right panel). Note that the skewness for residuals of the production
function is positive so that the classical SFM gives close to zero estimate in variance
of the inefficiency term U (Table 3). This results full efficiencies estimated for all
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Fig. 4 The kernel density of
efficiency scores for SN-SFM
and MSN-SFM using Philipp
-ines rice production data in
1992. The standard SFM fails to
generate the T E scores among
farms due to the wrong
skewness
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D
en

si
ty
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farms and the classical SFM fails to work in this case. Furthermore, Fig. 4 shows the
kernel densities for empirical distributions of efficiency scores under SN-SFM (blue
dashed curve) andMSN-SFM (black solid curve), respectively. Frommiddle and right
panel of Table 4 and Fig. 4, we can see that the T E scores under SN-SFM are higher
than those given by MSN-SFM, and the T E ranks under SN-SFM andMSN-SFM are
similar for most of 20 farms. For example, farms with the highest five T E scores and
with the least five T E scores are the same farms under both proposed models. The
new proposed SN-SFM and MSN-SFM in Sect. 3 provide nonzero T E (Table 4) and
thus have the ability to estimate the variability in the industry and solved the wrong
skewness problem.

7 Conclusion and FutureWorks

In this paper, we proposed a new stochastic frontier model based on multivariate
skew normal distribution. The proposed model assumes the noise term V follows the
multivariate skew normal distribution. In SFM literature, the classical SFM assumes
i.i.d. normal distributions in the noise term. First, the i.i.d. assumption simplifies the
underlying formulas and estimation. However, the i.i.d. assumption may or may not
always be realistic in applications and the estimators under the dependence assumption
may have smallermean square error than those under the independent assumption [11].
Second, it is known that by assuming normality in classical SFM, the composite error
term always has the negative skewness. Our multivariate skew normal-based SFM
provides a solution to the “wrong” skewness problem.

The proposed model requires evaluations of �n , and it may be difficult to calculate
for large sample size. As one reviewer pointed out, the derivation of expectation–
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maximization (EM) algorithm using the stochastic representation of multivariate skew
normal distribution for parameter estimation is an important and interesting topic to
investigate and may give the closest forms of the ML estimators in MSN-SFM. To
extend theEMalgorithmunder current setting, onemayneed to investigatemoments of
the multivariate truncated closed skew normal distributions. A valuable future work
would be a thorough investigation of developing EM algorithm for skew normal-
based SFM under a feasible stochastic representation of multivariate skew normal
distributions [27, 28].

Mathematica [29] codes for Fig. 2 and R [21] codes for the rest of figures, simula-
tions and real data analysis are available upon the request.
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