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 where Yi is log-output, f(  ⋅  ; β) is a production function 
of log-inputs Xi ∈ RK  parameterized by β, Vi is a ran-
dom error and Ui≥0 is technical inefficiency. Production 
functions satisfy several well-established shape constrains, 
namely, the free disposability (monotonicity) and diminish-
ing marginal returns (concavity) (see, e.g., Prokhorov 2024, 
Chapter 2).

A parametric framework often pre-specifies an explicit 
functional form of the boundary of the feasible production 
set. Commonly used functional forms include the Cobb-
Douglas and Translog functions (see, e.g., Zellner et al. 
1966). While these production functions are widely used, 
the rigid parametric assumptions could result in model mis-
specifications. Prior research (see, e.g., Ferrara and Vidoli 
2017; Giannakas et al. 2003; Parmeter et al. 2017; Wei et 
al. 2024) has highlighted that many conventional frontier 
specifications are overly restrictive and fail to capture the 
complexity of real-world production frontiers. These limita-
tions can introduce substantial bias, leading to inaccurate 
interpretations of input-output relationships and misguided 
policy recommendations.

Researchers have developed numerous nonparametric 
and semiparametric versions of the SFM to relax the para-
metric functional form specifications, including a grow-
ing number of machine learning approaches. For example, 

1  Introduction

The canonical parametric stochastic frontier model (SFM) 
for a cross-section of n decision-making units can be 
expressed as follows (Aigner et al. 1977; Meeusen and van 
Den Broeck 1977): 

Yi = f(Xi; β) + Vi − Ui, i = 1, . . . , n,� (1)
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Fan et al. (1996) introduced a two-step pseudo-likelihood 
procedure using kernel regressions for frontier estimation. 
Kumbhakar et al. (2007) proposed a local maximum like-
lihood approach. Ferrara and Vidoli (2017) introduced a 
semiparametric approach using generalized additive models 
with spline-based smooth functions of each input variable 
(GAM-SFM). Tran et al. (2023) developed a two-step semi-
parametric estimation procedure for a spatial autoregressive 
SFM, as an extension of the parametric model with endoge-
neity of Kutlu et al. (2020). Tsionas and Mamatzakis (2019) 
proposed using an artificial neural network to approximate 
the inefficiency effects in SFM. Tsionas (2020) introduced 
a nonparametric functional form into a quantile SFM. More 
recently, Kutlu and Mao (2024) applied neural networks in 
the context of nonparametric SFM. The list of such non-
parametric approaches can be extended and is invariably 
incomplete.

Guaranteeing that any such method satisfies the shape 
constraints is a difficult task. Even when such a guarantee 
is provided, we face other limitations of nonparametric 
approaches. For example, a key limitation of GAM-SFM, 
which ensures monotonicity, is its inability to efficiently 
capture high-dimensional input interactions, as the dimen-
sionality of the tensor basis increases exponentially with 
the number of inputs. Similarly, a two-stage approach by 
Kuosmanen and Kortelainen (2012) known as the Stochas-
tic Non-smooth Envelopment of Data (StoNED), which 
imposes the required constraints through the convex non-
parametric least squares of Hanson and Pledger (1976), is 
not designed to effectively handle high-dimensional inputs 
and input interactions, besides being non-smooth.

Parmeter and Racine (2012) proposed a smooth con-
strained kernel-based method that adjusts conventional 
regression smoothers using observation specific weights 
designed to make the function and its derivatives stay within 
prespecified bounds, thus enforcing axioms of production. 
The use of multivariate kernels implicitly accommodates 
nonlinear and higher-order interactions. However, band-
width selection in multivariate kernel regressions is chal-
lenging in moderate to high dimensions. As they mention, 
nothing prevents their approach from being used for other 
nonparametric estimators, including artificial neural net-
works, but they do not pursue this.

In a Bayesian framework, Tsionas (2022a) proposed 
a regression tree approach for efficiency estimation using 
decision trees. This imposed the monotone and concave 
constraints but only within each subregion of the input space 
corresponding to each decision tree leaf node. Wei et al. 
(2024) used monotone Bayesian additive regression trees to 
estimate SFMs. Tsionas et al. (2023) used neural networks 
to approximate the deterministic inefficiency and to model 
the noise as a smooth mixture of normal distributions. The 

shape constraints of these models, especially the concav-
ity constraint, are imposed through rejection sampling in 
MCMC, i.e., by checking whether each generated sample 
satisfies the desired shape constraints on a selected grid 
of input points. Such algorithms are computationally very 
expensive or even infeasible for high-dimensional input 
spaces with possible interactions.

Recently, deep learning has demonstrated remarkable 
breakthroughs in prediction problems across various fields, 
ranging from fraud detection to medical diagnostics to 
financial forecasting (see, e.g., Bishop and Bishop 2023; 
LeCun et al. 2015). The popular neural network architec-
tures driving modern applications in this area include deep 
neural networks (DNNs), convolutional neural networks 
(CNNs), recurrent neural networks (RNNs), autoencoders, 
generative adversarial networks (GANs), transformers, and 
large language models (LLMs). Among these, feed-forward 
DNNs serve as the foundation for all deep learning models 
and are credited for their exceptional performance.

DNN architectures have been used in models of pro-
duction before (see, e.g., Kutlu and Mao 2024; Tsionas et 
al. 2023; Tsionas 2022b; Wang 1996, 2003). However, no 
paper known to us has developed a general class of activa-
tion functions that respects axioms of production by enforc-
ing monotonicity and concavity of the resulting production 
function in deep learning settings. One of the key contribu-
tions of this paper is to show that for a DNN to satisfy the 
shape constraints by construction it has to use a composition 
of non-standard shape-constrained activation functions with 
nonnegative parameters, something we call shape-aware 
learning.

The proposed DNN-SFMs have several advantages over 
existing SFMs, in addition to satisfying both the free dispos-
ability and diminishing marginal returns properties. First, 
the DNN-SFMs offer greater flexibility in modeling com-
plex nonlinear relationships in SFMs, allowing for a more 
accurate representation of production functions without the 
need for explicit specifications of functional forms. Second, 
the DNN-SFMs handle large and complex input data due 
to automatic differentiation used in gradient-based back-
propagation on graphics processing units (GPUs). Finally, 
they allow us to integrate explainability and visualization 
by using Shapley values to understand how the various 
factors affect production. While we use Shapley values to 
interpret the fitted DNN-SFM, it is important to recognize 
that Shapley values are not structural objects. They capture 
how changes in an input are associated with changes in the 
model’s predicted output, averaging over the joint distribu-
tion of other inputs, but they do not generally coincide with 
causal or structural partial effects, such as marginal prod-
ucts. Such an interpretation would require substantial addi-
tional assumptions and is left for future work.
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Our findings show that DNN-SFM represents a substan-
tive methodological advance over existing approaches. In 
our Monte Carlo simulations, the shape-aware DNN-SFM 
consistently outperforms both classical parametric models 
and popular semi- and nonparametric alternatives in terms 
of accuracy of frontier recovery, inefficiency estimation, 
and robustness to irrelevant regressors. Unlike uncon-
strained counterparts, the proposed shape-aware architec-
ture enforces globally concave production frontiers that are 
closer to the data-generating process. In the empirical appli-
cation to Philippine rice production, the DNN-SFM avoids 
the “wrong skewness” problem that renders the conven-
tional linear SFM unusable, produces economically sensible 
associations, and yields markedly different efficiency rank-
ings with meaningful heterogeneity across farms. Taken 
together, these results suggest that DNN-SFM is an attrac-
tive framework that combines the adaptivity and predictive 
power of DNNs with credible production and efficiency 
analysis.

The rest of the paper is organized as follows. Section 2 
introduces the DNN-SFM. In Section 2.3, we provide suf-
ficient conditions for neural networks to satisfy the mono-
tonicity and concavity constraints. Section 3 discusses the 
estimation of DNN-SFMs and technical efficiency scores. 
Section 3.3 addresses the question of how to use Shapley 
values in DNN-SFM. Section 4 includes simulations with 
a comparison of several competing methods. Section  5 
conducts a real data analysis, which highlights the advan-
tage of DNN-SFM. Finally, Section 6 gives our concluding 
remarks. The codes and data used for simulations and appli-
cation are available in Python on the authors’ web pages and 
at a GitHub repository.1

2  DNN-SFM

2.1  Model setup

The DNN model can be viewed as a highly flexible nonpara-
metric extension of traditional regression models to non-lin-
ear functions via the incorporation of multiple hidden layers 
and activation functions. By the universal approximation 
theorem (see, e.g., Cybenko 1989; Hornik et al. 1989), a 
neural network with one hidden layer can approximate any 
continuous function f(x) to any desired degree of accuracy. 
However, single-layer networks can approximate complex 
functions only in principle. Multi-layer networks offer 
greater computational efficiency and better generalization 
while achieving the same or better function approximation 
with a more parsimonious network architecture, especially 

1  The repository can be found at ​h​t​t​p​s​:​​​/​​/​g​i​t​h​u​​​b​.​c​​o​​m​/​​Z​W​e​​i​S​T​​​A​T​​/​s​h​a​​​p​e​
-​​c​o​​n​s​t​​r​a​i​​​n​e​d​_​​n​e​​u​​r​a​l​_​n​e​t​w​o​r​k​s.

when modeling highly nonlinear or complex functions 
(Hornik 1991; Poggio et al. 2017).

The DNN-SFM we propose is semiparametric in the 
sense that it combines a DNN of a production function with 
classical distributional assumptions on the composed error 
term. The model can be written as follows: 

Yi = DNN(Xi; w) + Vi − Ui i = 1, . . . , n,� (2)

 where DNN(Xi; w) denotes a DNN with L hidden layers, 
the matrix w = {(W (ℓ), w

(ℓ)
0 : ℓ = 1, . . . , L)} combines 

all DNN parameters, consisting of weights Wℓ and biases 
w

(ℓ)
0 , associated with the ℓ-th hidden layer, l  =  1,  …,  L. 

Following the standard assumptions in the SFM litera-
ture, we assume that the symmetric part of the composed 
error is normal, Vi ∼ N(0, σ2

v), inefficiency is half-normal, 
Ui ∼ HN(0, σ2

u), and that Vi and Ui are independent.
To make things more explicit, let hidden layer l have K(ℓ) 

nodes, or neurons, and let h(ℓ) = (h(ℓ)
1 , . . . , h

(ℓ)
K(ℓ))

⊤
 denote 

the node signals in layer l. Then, W(ℓ) is a weight matrix with 
dimensions K(ℓ) × K(ℓ−1) and w(ℓ)

0  is a bias vector of dimen-
sion K(ℓ). Their purpose is to transform signals from hidden 
layer l − 1 to hidden layer l as follows: 
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 and σ(ℓ) is a pre-specified activation function which oper-
ates elementwise on its vector argument.

It is clear that the signal of layer zero is the K-vector of 
inputs, h(0) = X = (X1, . . . , XK)⊤, and that the DNN-
SFM can be expressed in matrix form as follows: 

Yi = h(L) + Vi − Ui� (4)

 where h(L) is defined recursively as follows: 

h(ℓ) = σ(ℓ)
(

W (ℓ)h(ℓ−1) + wℓ
0

)
, for ℓ = 1, . . . , L.
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	  This is one of the most widely used activation functions 
in machine learning due to its computational efficiency 
and ability to mitigate the issue of vanishing gradients 
(see, e.g., Maas et al. 2013; Nair and Hinton 2010). Van-
ishing gradients are a training problem in DNNs where 
gradients, which are used to update the DNN param-
eters, become progressively smaller during backpropa-
gation, due to repeatedly multiplying derivatives of the 
activation function according to the chain rule. For this 
reason, activation functions with derivatives less than 
one such as sigmoid and tanh cause the early layers of 
the DNN to learn very slowly or not at all.

(b)	 Exponential Linear Unit (ELU):

σ(t) =
{

t t > 0,
α(et − 1) t ≤ 0, � (6)

	  where α > 0 is a hyperparameter to be tuned. This func-
tion was proposed for reducing bias shifts and improv-
ing algorithm convergence due to smoother weight 
updates during backpropagation (Clevert et al. 2016).

There are many other activation functions in the DNN lit-
erature (see,e.g., Goodfellow et al. 2016; He et al. 2015; 
LeCun et al. 1989; Nair and Hinton 2010; Ramachandran 
et al. 2017). Unfortunately, none of the ones known to us, 
including ReLU and ELU, necessarily produce DNNs that 
respect the shape constraints required for a proper produc-
tion function. We illustrate this issue using a simulation 
example.

Example 1  (DNN-SFM with ReLU and ELU). In this exam-
ple, we simulate data with sample size n  =  200 from the 
Cobbs-Douglas function with one input: 

Yi = β0Xβ1
i exp(Vi − Ui), i = 1, . . . , n,� (7)

 where β0 = 3, β1 = 0.2, Vi ∼ N(0, σ2
v) and Ui ∼ HN(0, σ2

u) 
with σv = 0.2 and σu = 0.1, and Xi is generated as Unif(0, 5). 

 A neural network is deep if L > 1 and it is feed-forward if 
there are no loops between its nodes. Figure  1 illustrates 
a DNN, for which K = 2, L = 3 and K(1) = K(2) = K(3) = 5. 
Given a loss function, the DNN parameters w are estimated, 
or trained, by backpropagation, which is a way of calculat-
ing the gradient of the loss function with respect to each 
parameter using the chain rule in a backward pass from the 
output layer to the input layer.

A natural econometric question is whether the DNN 
parameters w are uniquely identified. Unfortunately, the 
DNN uniform approximation theorems are existence 
results, not uniqueness results. It is well-known that due to 
permutation symmetries, scaling symmetries, and overpa-
rameterization, DNN parameter configurations are gener-
ally not unique. For certain shallow networks (one hidden 
layer) with specific activations and assumptions, one can get 
identifiability up to permutations. For deep networks, dif-
ferent configurations of weights and biases can produce the 
same function (exactly) or be observationally equivalent on 
any given dataset (approximately) (see, e.g., DeVore et al. 
2021). In applications such as ours, it is common to interpret 
the estimated function (or derived quantities like marginal 
effects, SHAP or efficiency scores) rather than the raw DNN 
weights.

2.2  Limitations of popular activation functions

The use of an activation function in DNN is inspired by bio-
logical neurons in the nervous system, and its choice plays 
a crucial role in the function approximation performance 
of DNN in practice. Activation functions introduce nonlin-
earity into the model, enabling it to learn and approximate 
complex patterns in the data. We consider two commonly 
used activation functions: 

(a)	 Rectified Linear Unit (ReLU):

σ(t) = max(0, t) =
{

t t ≥ 0,
0 t < 0. � (5)

Fig. 1  A feed-forward fully con-
nected deep neural network with 
one input layer (with two input 
variables), three hidden layers 
(with five neurons each), and one 
output layer
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 Since the weights for each layer are non-negative, affine 
transformations of X are monotone non-decreasing in each 
component Xk, for k = 1, …, K. Compositions of monotone 
non-decreasing functions are monotone non-decreasing. 
Thus, the monotonicity in activation functions σ(ℓ) and 
affine transformations with non-negative weights provide 
a monotone non-decreasing DNN in each input variable 
Xk, k = 1, …, K.

To prove concavity, we note that a composition of a con-
cave function with an affine mapping is concave (see Sec-
tion 3.2.2 in Boyd and Vandenberghe 2004). Thus, if the 
activation function is concave, the compositions σ(ℓ)∘W(ℓ), 
ℓ = 1, …, L, are concave functions. Furthermore, a compo-
sition of a non-decreasing concave function and a concave 
function is a concave function. This means that DNN(X; w) 
is a concave function in X ∈ RK .

The condition σ(ℓ)(0) = 0 ensures that with zero weights 
and biases, DNN(0; 0) = 0, which allows for the possibility 
of inaction. Finally, monotone non-decreasing means non-
negativity of DNN(X; w). 7D2□
Remark. Since affine mappings are concave and therefore 
quasi-concave, and a composition of a quasi-concave func-
tion with a monotone non-decreasing function is quasi-con-
cave (see Section 3.4 in Boyd and Vandenberghe 2004), this 
provides a sufficient condition for DNN(X; w) to be quasi-
concave. Specifically, the activation functions σ(ℓ) must be 
monotone non-decreasing in each layer ℓ = 1, …, L.

We emphasize that Theorem 1 provides sufficient, but 
not necessary, conditions for enforcing shape constraints 
in DNNs. Consequently, we cannot claim that the proposed 
shape-aware DNN framework is the tightest or most general 
representation among shape-constrained function approxi-
mators. Establishing tightness and conducting a formal 
expressive-power comparison across shape-constrained 
function approximators would require substantially broader 
theoretical development and is left for future research.

Given the result of the Theorem, we propose two new 
activation functions for shape-aware DNN-SFMs, namely, 
Concave ReLU (CReLU) and Concave ELU (CELU): 

For estimation we use a DNN with L = 2 trained using the 
ReLU and ELU activation functions. Figure  2 shows the 
simulated data (gray dots), true function (solid curve) and 
fitted curve (dashed curve). As can be seen from the plots, 
the fitted DNNs are not globally monotone or concave in 
both cases.

2.3  Shape-aware DNN-SFM

Production functions are non-negatively weakly monotone 
increasing and quasi-concave, which means the technol-
ogy or production possibility set is convex and obeys the 
axioms of production, such as free disposability and dimin-
ishing marginal returns (see, e.g., Kumbhakar and Lovell 
2003, Section 2.2). Monotonicity means that the output can-
not decrease with an increase in inputs. Concavity reflects 
diminishing marginal product, where the incremental 
contribution to the output of each additional unit of input 
decreases as the input increases. We seek to characterize 
DNNs that respect these shape constraints by construction.

The following theorem provides sufficient conditions 
for a DNN to satisfy the shape constraints of a production 
function.

Theorem 1  A neural network DNN(X;  w) is a production 
function satisfying all the axioms of production if the fol-
lowing conditions are satisfied for ℓ = 1, …, L: 

1.	 The activation functions σ(ℓ)( ⋅ ) are concave and non-
decreasing and σ(ℓ)(0) = 0;

2.	 The weights and biases of all hidden layers, W(ℓ) and 
wℓ

0, are non-negative.

Proof.  From the definition in Eq. (4), DNN(X;  w) can be 
expressed as a composition of activation functions σ(ℓ) and 
affine transformations using W(ℓ), i.e., 

DNN(X; w) = (σ(L) ◦ W (L) ◦ · · · σ(1) ◦ W (1))(X).� (8)

Fig. 2  Example 1 data (gray dots), true func-
tion (solid curve) and fitted curve (dashed 
curve), using the ReLU activation function 
(left) and ELU activation function (right)
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It is worth repeating that CReLU and CELU are not the 
only admissible concave activations. What matters is not 
the exact functional form, but whether activation functions 
satisfy a small set of structural properties listed in Theorem 
1 (that is, concave, non-decreasing, zero at the origin), plus 
are well-behaved for optimization. For example, the follow-
ing activation functions also satisfy Theorem 1: 

[Concave Power Activation] σ(t) =
{

t, t ≤ 0,
tα, t > 0, 0 < α < 1.

[Log − Saturating Activation] σ(t) =
{

t, t ≤ 0,
log(1 + t), t > 0.

[Concave Softplus Activation]

σ(t) =
{

t, t ≤ 0,
α log

(
1 + et/α

)
, t > 0,

0 < α < 1.

[Piecewise Linear Concave Activation]

σ(t) =

{
t, t ≤ 0,
β1t, 0 < t ≤ c,
β2t + d, t > c,

with1 > β1 > β2 > 0,

 where d = (β1 − β2)c ensures continuity.

[Negative − Exponential Saturation Activation]

σ(t) =
{

t, t ≤ 0,
A

(
1 − e−Bt

)
, t > 0, A, B > 0.

[Concave Arctangent Activation] σ(t) =
{

t, t ≤ 0,
arctan(t), t > 0.

The ultimate choice of an activation function may depend 
on factors such as numerical stability, smoothness of the 
output, strength of the marginal effect, and empirical per-
formance on the dataset. For example, CELU offers smooth 
differentiability that aids gradient-based optimization, while 
CReLU may be preferred for capturing sharper changes 
in the production frontier. Concave Softplus Activation is 
a smooth analogue of CReLU. Concave Power Activation 

[CReLU] σ(t) =
{

αt, t ≥ 0, with 0 < α < 1
t, t < 0. � (9)

[CELU] σ(t) =
{

−α(e−t − 1), t ≥ 0.
t, t < 0, � (10)

 where, as before, α  >  0 is a tuning parameter. Example 
2 illustrates the appealing features of these activation 
functions.

Example 2  (Shape-aware DNN-SFM using CReLU and 
CELU). We return to the data-generating process (DGP) of 
Example 1 but now use a shape-constrained DNN with new 
activation functions for training. Figure 3 shows the simu-
lated data (gray dots), true function (solid curve), and fitted 
DNN-SFM (dashed curve). The figure shows that the fitted 
shape-aware DNN-SFM is smooth, globally concave and 
closer to the true production function.

It is natural to ask whether the new activation functions 
invalidate the universal approximation properties shown to 
hold for classical activation functions (see, e.g., Cybenko 
1989) and whether they suffer from the vanishing gradient 
problem.

To address the first concern, we note that Yarotsky (2017) 
established the universal approximation property for neural 
networks with piecewise linear activation functions, while 
Sonoda and Murata (2017) extended this result to a broader 
class of unbounded, piecewise smooth activation functions. 
The proposed CReLU and CELU functions can be viewed 
as 180∘ rotations of the standard ReLU and ELU activations 
around the origin, which are piecewise linear and piecewise 
smooth, respectively. Therefore, DNNs employing CReLU 
and CELU retain the universal approximation property.

To see that CReLU and CELU do not suffer from the van-
ishing gradient problem the way the sigmoid or tanh func-
tions do, it is enough to note that CReLU and CELU inherit 
the functional form of the gradient from ReLU and ELU, 
which are known to mitigate this problem.

Fig. 3  Example 2 data (gray dots), true func-
tion (solid curve) and fitted curve (dashed 
curve), using the CReLU activation function 
(left) and CElu activation function (right)
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 where a is a learning rate and Bt is a batch of size ∣Bt∣ from 
the sample. We have implemented the SGD using autodif-
ferentiation and backpropagation (see, e.g., Rumelhart et al. 
1986). It is done via the Pytorch library (Paszke et al. 
2019), in Python 3(Van Rossum and Drake 2009). An 
advantage of using the new class of activation functions is 
that we still deal with an unconstrained loss minimization 
problem and the shape constraints are implicit in the loss, so 
no additional computational tools from constrained optimi-
zation are needed.

Once the model parameters are estimated, technical inef-
ficiency scores (TE) can be computed using the standard 
analytical form: 

TEi = E(exp(−Ui)|εi) = Φ(µi∗/σ∗ − σ∗)
Φ(µi∗/σ∗)

exp
(

1
2

σ2
∗ − µi∗

)
,� (15)

 where µi∗ = εi
σ2

u

σ2
u+σ2

u
 and σ∗ =

√
σ2

uσ2
v

σ2
u+σ2

v
, the unknown 

parameters are replaced with estimates and errors εi with 
residuals.

To conduct statistical inference using the estimated 
shape-aware DNN-SFM, we resort to bootstrapping. 
Numerical studies (see,e.g., Lakshminarayanan et al. 2017; 
Ovadia et al. 2019) have demonstrated that bootstrap-based 
uncertainty quantification methods in neural networks per-
form consistently well. Very recently, Padilla et al. (2024) 
provided finite-sample theoretical guarantees for the boot-
strap procedure for constructing confidence intervals in 
dense ReLU networks under mild regularity assumptions. 
Bootstrap involves repeatedly resampling from the original 
dataset with replacement and re-estimating the DNN-SFM 
using each bootstrap sample. The resulting bootstrap dis-
tributions of the parameter estimates allow us to construct 
empirical confidence intervals and carry out testing.2

A related question is whether we can effectively sepa-
rate inefficiency U from misspecification error in the DNN-
SFM estimation. As in all cross-sectional stochastic frontier 
models, one cannot fully disentangle inefficiency from mis-
specification because inefficiency is identified only relative 
to the production frontier. For instance, any functional-form 
misspecification will translate into U. This limits all para-
metric, semiparametric, and nonparametric frontier estima-
tors including ours. The advantage of the DNN-SFM is not 
that it eliminates this problem but that it reduces the scope 
for misspecification by approximating the production fron-
tier within an economically admissible class of functions. 

2  In settings where wrong skewness arises in a non-negligible frac-
tion of bootstrap replications, bootstrap-based inference may become 
unreliable. Practitioners should carefully inspect the full bootstrap 
distribution, report the frequency of boundary estimates, and interpret 
bootstrap confidence intervals with appropriate caution when wrong 
skewness is present. We did not encounter this problem in our applica-
tions of DNN-SFM.

flattens quickly as inputs increase, showing a strong dimin-
ishing marginal effect, but its derivative explodes near zero 
when α is small, which may require careful tuning. Log-
Saturating Activation can be restrictive if the frontier is only 
mildly concave because, due to the saturation effect, large 
increases in inputs yield small output gains. A piecewise lin-
ear concave spline requires choosing knot locations. Neg-
ative-Exponential Saturation Activation is bounded which 
may be undesirable in some applications.

3  Inference and interpretation

3.1  Estimation

In this section, we consider the estimation of the shape-
constrained DNN-SFMs. Let θ denote the unknown model 
parameters consisting of w = {(W (ℓ), w

(ℓ)
0 : ℓ = 1, . . . , L)} 

in DNN(Xi; w) and the distributional parameters σ2
v  and σ2

u, 
as defined in Section 2.1. Define the composed error term 
Ei = Vi − Ui = Yi − DNN(Xi; w). Then, the density of Ei 
can be written as follows 

fE(εi) =
´∞

0 fv(εi + u)fu(u)du

= 2√
σ2

v+σ2
u

ϕ

(
εi√

σ2
v+σ2

u

)
Φ

(
− σuεi

σv

√
σ2

v+σ2
u

)
,

� (11)

 where ϕ and Φ are the standard normal density and cumu-
lative distribution function, respectively. The usual estima-
tion of the model parameters θ = (w, σ2

v , σ2
u) proceeds by 

minimizing the loss function L(  ⋅  ), based on the negative 
log-likelihood: 

L(θ) =
n∑

i=1
{−ℓi(θ|xi, yi)},� (12)

 where 

ℓi(θ|xi, yi) = log fE(εi) = − 1
2 log

(
π
2

)
− 1

2 log
(√

σ2
v + σ2

u

)

+ log Φ
(

− σuεi

σv

√
σ2

v+σ2
u

)
− ε2

i

2(σ2
v+σ2

u) .
� (13)

In the context of DNN, the optimization of L(θ) is per-
formed using the mini-batch stochastic gradient descent 
(SGD) method, i.e., at the t-th iteration, θt is updated using 
the following formula: 

θt+1 ← θt − a
1

|Bt|
∑

xi,yi∈Bt

∇θL(θ),� (14)
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data point x when only the value of the inputs in S are fixed at 
their corresponding magnitudes in x, while the other inputs 
are integrated over. The easiest way to see what this does 
is using the linear example f(x) = β0 + β1x1 + β2x2 + β3x3. 
Clearly, K = 3 and [K] = {1, 2, 3}. Suppose S = {1, 2} then 
νS(x) = β0 + β1x1 + β2x2 + β3E[x3].

The SHAP value of input j at a given data point x, denoted 
ϕj(x), is the weighted average of the input’s contributions to 
vS(x) across all possible subsets of inputs, where an input’s 
contribution to vS(x) is defined as the difference in vS(x) 
obtained with and without input j in S. Formally, SHAP is 
defined as follows (see Lundberg and Lee 2017, Theorem 
1): 

ϕj(x) = 1
K

∑
S⊆[K]\{j}

(
K − 1

|S|

)−1 (
νS∪{j}(x) − νS(x)

)
.� (16)

This definition considers all the combinations of inputs in 
the set [K]⧹{j}, which is why Eq. (16) involves the combi-
natorial weights. Being a function of x, SHAP quantifies the 
contribution of each input j to the output at each data point, 
rather than giving a global measure of input importance over 
all data points. As mentioned in the Introduction, the SHAP 
values should be understood as model-based associations, 
not as structural marginal products. Unlike partial deriva-
tives of a known production function, SHAP values reflect 
how an input contributes to the predicted output relative to a 
baseline, integrating over the empirical distribution of other 
inputs. As a result, SHAP values generally differ from mar-
ginal effects and may be negative even when the production 
function is monotone. For example, the SHAP value of input 
j at point x for the linear model f(x) = β0 + β1x1 + β2x2 + β3x3 
can be shown to be βj(xj − E[xj]), which is different for each 
sample value of xj.

Lundberg and Lee (2017) defined a class of additive input 
attribution methods and showed that SHAP is what they call 
the unique linear additive explanation. That is, SHAP can 
be understood and interpreted through a binary input regres-
sion. For any data point, write 

νS(x) = γ0 +
K∑

j=1
γjzS,j ,� (17)

 where zS,j  is a binary covariate taking the value 1 if the 
j-th input is present in S and 0 otherwise. They show that 
SHAP ϕj reduces to the regression coefficient βj even if the 
j-th input affects the output nonlinearly and interacts with 
other inputs.

In the context of our model, we define 
ϕ0 = EX [D̂NN(X; ŵ)] to be the baseline DNN predic-
tion, i.e., the expected output over the entire distribution of 

At the same time, DNN-SFMs remain sufficiently flexible 
to capture nonlinearities and high-order interactions among 
inputs. By construction, this confines misspecification to 
directions that are consistent with the axioms of production. 
As a result, persistent deviations below the estimated fron-
tier are less likely to reflect functional-form error and more 
likely to be attributable to technical inefficiency.

3.2  Model selection and hyperparameter tuning

Model selection in DNNs includes determining the appropri-
ate number of layers, hidden nodes, and other architectural 
hyperparameters. We adopt a cross-validation approach 
to avoid overfitting while ensuring robust generalization 
performance. Specifically, we consider a grid of candidate 
architectures varying in depth (L = 1, 2, 3) and in width (22, 
23, 24 and 25 hidden nodes per layer). For each candidate 
model, predictive performance was evaluated using cross-
validation, with leave-one-out cross-validation (LOOCV). 
LOOCV ensures that each observation contributes to both 
training and validation, thereby maximizing the effective 
use of available data while still providing an unbiased esti-
mate of the predictive error. The final model was selected as 
the architecture that minimized the average prediction error 
across the validation folds.

For the step size, we chose a between 0.1 and 0.01 using 
cross-validation. For the batch size, since the sample size in 
our simulations and application is not large, we set the batch 
size equal to the sample size.

3.3  Using Shapley values to interpret DNN-SFMs

DNNs are known for their high accuracy in out-of-sample 
predictions. However, they operate as complex, black-box 
systems with multiple layers of interconnected neurons, 
making it difficult to understand how specific inputs influ-
ence output. We follow Lundberg and Lee (2017) and use the 
SHAP (SHapley Additive exPlanations) values to provide a 
partial effect interpretation to inputs for DNN inputs. The 
interpretation is different from the marginal product inter-
pretation which is familiar to economists. The difference is 
that it does not assume that all other factors of production 
remain constant. Instead, SHAP utilizes the fundamental 
idea from cooperative game theory proposed by Shapley 
(1953, 1969), which measures each player’s (each input’s) 
contribution to the overall outcome (output), considering all 
possible combinations of other players (other outputs).

To define SHAP formally, let [K] be the set of all K inputs in 
the model. Let S ⊆ [K] denote a subset of inputs and S\{j} 
denote the subset S excluding input j. Let ∣ ⋅ ∣ denote the size 
of a subset. Suppose that the function νS(x) represents the 
model’s expected quantity of interest (expected output) for a 
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The second DGP simulates the data using the Translog 
production function: 

DGP3 : Yi = β0Xβ1
1i Xβ2

2i exp
[

1
2

β11(ln X1i)2 + 1
2

β22(ln X2i)2

+ β12 ln X1i ln X2i

]
exp(Vi − Ui),

 where β0  =  1.0, β1  =  β2  =  0.4, β11  =  β22  =  −  0.35, and 
β12 = 0.15, Vi ∼ N(0, σ2

v), with σv = 0.8 and Ui ∼ HN(0, σ2
u) 

with σu = 0.5, and input variables X1 and X2 are indepen-
dently drawn from a uniform distribution on [0.05,  10]. 
In the estimation, we consider two cases for DGP3: one is 
where we assume the correct specification and the other is 
where we assume (incorrectly) that the true DGP is Cobb-
Douglas with two inputs, X1 and X2. This allows us to com-
pare the behavior of our estimators with that of MLE under 
an incorrect functional form.

For the estimation we use logarithms of the inputs and 
output and consider five types of estimators: (i) a conven-
tional SFM (denoted by Lin for DGP1 and DGP2, and by 
Translog for DGP3) estimated by MLE (Aigner et al. 1977); 
(ii) a semiparametric generalized additive SFM (GAM-
SFM) (Ferrara and Vidoli 2017); (iii) a Bayesian additive 
regression tree SFM (BART-SFM) (Wei et al. 2024); (iv) two 
unconstrained DNN models, denoted by NN-Relu and NN-
Elu, which employ the standard activation functions ReLU 
and ELU, respectively; and (v) two shape-constrained DNN 
models, using the CReLU and CELU activation functions 
from Section  2.3, denoted as SNN-CRelu and SNN-CElu, 
respectively. For DGP3, we also report the results obtained 
under the incorrect Cobb-Douglas specification. These 
results are denoted by Misspec (Lin).

The GAM-SFM fits the following model of the condi-
tional expectation of log-output: 

E(log Y |X = x) = ψ0 +
k∑

j=1
ψj(log xj),� (20)

 where ψj( ⋅ )’s are smooth basis functions. The model satis-
fies monotonicity constraints by means of P-splines and is 
estimated by pseudo-MLE using the R package semsfa(see 
Ferrara and Vidoli 2021).

The BART-SFM fits the model 

E(log Y |X = x) = β0 +
m∑

j=1
gj(log x; Tj , Mj),� (21)

 where gj( ⋅ ; Tj, Mj) is a weak learner function, represented 
by a binary decision tree Tj and a vector Mj, which collects 

inputs, where D̂NN(X; ŵ) is a trained DNN-SFM with 
weights ŵ, and we let 

νS(x) = EX[K]\S [D̂NN(X; ŵ)|XS = xS ]� (18)

D̂NN(x; ŵ) = ϕ0 +
K∑

k=1

ϕk.� (19)

We compute the SHAP values using the Python package 
shap, which implements various methods for approximat-
ing SHAP from a DNN. The method used in our imple-
mentation is the Kernel SHAP method, a model-agnostic 
approach based on the so-called Shapley regression. This 
method estimates SHAP using a weighted linear regression, 
where different subsets of inputs are sampled, and their 
contributions to the model’s prediction are evaluated. An 
interesting theoretical extension, which we leave for future 
work, is to derive statistical properties of the SHAP esti-
mates based on a trained DNN.

4  Simulation

In this section, we conduct a simulation study to assess 
the relative performance of the proposed estimators using 
DGPs similar to those used in Examples 1 and 2. Specifi-
cally, we use a standard single-input Cobb-Douglas specifi-
cation, which is linear in logs, but, in addition, we consider a 
case with irrelevant regressors and a case with the Translog 
specification. For each DGP, we simulate n = 200 observa-
tions and repeat the experiments 100 times.

We generate the data as follows: 

DGP1 : Yi = β0Xβ1
1i exp(Vi − Ui), i = 1, . . . , n,

 where Vi ∼ N(0, σ2
v) and Ui ∼ HN(0, σ2

u) with σv  =  0.9 
and σu = 0.2, X1i ~ Unif(0, 3) and (β0, β1) = (2, 0.2).

In addition, we consider two more DGPs. The first one 
generates the data as follows: 

DGP2 : Yi = β0Xβ1
1i Xβ2

2i Xβ3
3i Xβ4

4i exp(Vi − Ui),

 where β0 = 2, β1 = 0.3, and β2 = β3 = β4 = 0, Vi ∼ N(0, σ2
v), with 

σv = 1, and Ui ∼ HN(0, σ2
u) with σu = 0.5, X1i ~ Unif(. 5, 3.5), 

X2i ~ Unif(1.5, 4.5), X3i ~ Unif(2.5, 5.5), X4i ~ Unif(3.5, 6.5), 
X5i ~ Unif(4.5, 7.5). Clearly, X2i, X3i and X4i are irrelevant in 
DGP2. However, in the estimation of DGP2 we will assume 
(incorrectly) that the true model contains these regressors 
in order to assess how the various estimators behave in the 
presence of irrelevant regressors.
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The simulation results are summarized in Table 1. Sev-
eral observations are worth highlighting. First, the shape-
constrained estimators SNN-CRelu and SNN-CElu perform 
better than all other estimators in terms of almost all perfor-
mance metrics. Besides Lin and Translog, the only excep-
tion is Biasv in DGP3 which is slightly lower for GAM-SFM, 
BART-SFM and even Misspec (Lin) than for SNN-CRelu and 
SNN-CElu, but this is offset by a much better performance 
of SNN-CRelu and SNN-CElu in terms of Biasu, RMSE 
and RMSETE. The unchallenged performance of Lin and 
Translog is not surprising given that these are parametric 
estimators under correct specifications. It is perhaps inter-
esting to observe that Lin shows the leading performance 
in DGP2 even in the presence of irrelevant regressors. For 
DGP3, Misspec (Lin) performs much worse overall, being 
an estimator based on an incorrectly specified model, how-
ever, both GAM-SFM and BART-SFM performs worse than 
Misspec (Lin) by a number of metrics.

Second, the four DNN-based estimators dominate the 
nonparametric and Bayesian alternatives (GAM-SFM and 
BART-SFM) for DGP1. This is true whether or not the DNN 
learning is shape-aware. In the presence of irrelevant regres-
sors (DGP2) the situation changes. For DGP2, the standard 
DNN estimators (NN-Relu and NN-Elu) visibly drop in all 
the metrics, while the shape-aware estimators (SNN-CRelu 
and SNN-CElu) still show the leading performance among 
the nonparametric and Bayesian alternatives. Similarly for 

individual parameters of the tree leaves. It is estimated 
using R with 4,000 MCMC samples, where convergence 
is assessed using trace plots for σu and σv and Geweke’s 
convergence diagnostics (Geweke 1992). The trace plots 
indicated that a burn-in of 1,000 samples was acceptable 
for all cases and that the chains were mixing well. All of 
Geweke’s convergence diagnostics had values that indicate 
convergence.

We report RMSE of the estimated production function, 
average bias of σ̂v  and σ̂u, and average bias in technical 
inefficiency scores. The four performance metrics are com-
puted as follows: 

RMSE =
√

1
n

n∑
i=1

(
Ŷi−Yi

Yi

)2
, Biasv = |σ̂v − σv| ,

Biasu = |σ̂u − σu| , BiasTE = 1
n

n∑
i=1

|T̂Ei − TEi|,

 where TEi is computed using the true parameter values and 
Eq. (15). Note that all the estimators produce fitted values 
for log Y , not Y, so to obtain the fitted values for Y we expo-
nentiate the fitted values for log Y  and correct them using 
the mean exponent of residuals. The performance metrics 
of BART-SFM are calculated based on the posterior modes 
in order to make them more comparable with a penalized 
MLE estimator.

Table 1  RMSE and biases of estimators
DGP1

unconstrained shape-constrained
Lin GAM-SFM BART-SFM NN-Relu NN-Elu SNN-CRelu SNN-CElu

RMSE 0.277 1.8863 1.0235 0.622 0.583 0.510 0.518
Biasv 0.007 0.0787 0.0402 0.060 0.049 0.035 0.036
Biasu 0.020 0.3550 0.1129 0.013 0.011 0.008 0.008
BiasTE 0.023 0.2052 0.0807 0.039 0.038 0.035 0.035
RMSETE 0.020 0.2141 0.0895 0.041 0.040 0.037 0.037
DGP2

unconstrained shape-constrained
Lin GAM-SFM BART-SFM NN-Relu NN-Elu SNN-CRelu SNN-CElu

RMSE 0.195 0.8595 0.3873 1.063 1.025 0.394 0.406
Biasv 0.009 0.1535 0.0955 0.585 0.512 0.054 0.060
Biasu 0.020 0.3129 0.1237 0.219 0.192 0.020 0.023
BiasTE 0.031 0.1857 0.0899 0.145 0.125 0.028 0.028
RMSETE 0.017 0.1857 0.0959 0.145 0.126 0.033 0.034
DGP3

unconstrained shape-constrained
Misspec (Lin) Translog GAM-SFM BART-SFM NN-Relu NN-Elu SNN-CRelu SNN-CElu

RMSE 1.006 0.312 0.974 0.483 0.404 0.431 0.347 0.347
Biasv 0.073 0.068 0.083 0.071 0.144 0.157 0.084 0.086
Biasu 0.390 0.300 0.310 0.337 0.090 0.098 0.053 0.054
BiasTE 0.157 0.124 0.160 0.203 0.075 0.079 0.055 0.056
RMSETE 0.168 0.130 0.173 0.217 0.079 0.084 0.057 0.058
Runtime (sec) 0.020 0.031 0.048 78.631 1.06 1.10 1.20 5.52
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5  Empirical application

In this section, we apply DNN-SFM to a real data set col-
lected from n = 43 small holder rice producers in the Tar-
lac region of the Philippines in 1992. This is a subset of a 
benchmark data set used in numerous studies before, but 
usually as a panel consisting of eight years of data, not one 
year (see, e.g., Coelli et al. 2005; Henningsen 2014). The 
output variable Y is tonnes of freshly threshed rice for each 
farm, and the three input variables are area planted in hect-
ares (Area), man-days of family and hired labor (Labor), 
and fertilizer used in kg of active ingredients (NPK).

We fit the linear SFM, BART, NN-ELU, and SNN-CELU 
to the data. To select the neural network architecture, we 
use two-layer networks with the following candidate num-
ber of nodes in each layer: [32,16], [32,8], [16,8], [8,4], and 
[4,4]. Leave-one-out cross-validation (LOOCV) is applied 
to evaluate the DNN predictive performance. The [32,16] 
architecture provided the lowest LOOCV loss and was 
therefore selected. For the linear SFM we use the sfa func-
tion in the R package frontier(Coelli et al. 2013). For 
BART-SFM, we use the R code from Wei et al. (2024). All 
estimations are in logs, not levels.

The resulting efficiency scores and their summary sta-
tistics are shown in Table 2. We note that the linear SFM 
estimated using the frontier package returned a warn-
ing message that the model is misspecified and the estimate 
of σu is zero, failing to calculate the technical inefficiency 
scores. An examination of OLS residuals revealed a strong 
positive skewness indicating the “wrong skewness” prob-
lem. A similar problem using this data was found by other 
people. For example, Wang et al. (2011) rejected the nor-
mal/half-normal distributional assumption for this data in 
the conventional linear specification.

Neither BART nor NN-Elu or SNN-CElu suffer from this 
problem and produce both TE scores and ranks. Overall, 
the BART efficiencies are higher and have a narrower range 
than those of NN-Elu and SNN-CElu, while the shape-aware 
efficiencies (SNN-CElu) are lower and have a wider range 
than shape-agnostic (NN-Elu). The farm rankings produced 
by the three estimators are quite different as illustrated by 
the ranks (and efficiency scores) of the top and bottom five 
farms reported in the right panel of Table 2. In fact, Ken-
dall’s τ’s for the estimator pairs are τ(BART,NN) = 0.464, 
τ(BART,SNN) = 0.743 and τ(NN,SNN) = 0.464, where the 
strongest association between SNN-CELU and BART indi-
cates a high degree of concordance between the efficiency 
scores. This is likely due to the fact that, unlike NN-Elu, 
BART imposes monotonicity, while SNN-CElu imposes 
both monotonicity and concavity.

Next we implement bootstrap resampling in order to quan-
tify uncertainty associated with the SNN-CElu estimation. 

DGP3, the shape-aware estimators have visibly better per-
formance than the standard ones.

The improved performance may come at the expense of 
computational time. We report the average runtimes (in sec-
onds) of the various estimators for DGP3 in the last line of 
Table  1. The runtimes are calculated as averages over 10 
replications of each method. BART-SFM and GAM-SFM 
are fitted in R, while all the other estimators are obtained in 
Python. The DNN models are trained in PyTorch using 
the Adam optimizer with up to 2,500 epochs. Convergence 
was monitored through the loss trajectory, and in all replica-
tions the loss stabilized well before reaching the maximum 
number of epochs, indicating stable optimization behavior.

As can be seen from the runtimes, the DNN estimators 
are noticeably more demanding computationally than the 
other non-Bayesian estimators, yet remain reasonably 
fast and affordable. SNN-CRelu takes approximately as 
long as NN-Relu and NN-Elu. It is perhaps surprising that 
SNN-CElu takes about 5 times longer which may have to 
do with its nonlinearity.

It also helps to have some measures of the extent to 
which the different estimators are subject to the “wrong 
skewness” problem. We investigate this using DGP3 
and several measures obtained using the same simulated 
data as before. First, we counted the number of replica-
tions (out of 100) when the OLS regression using DGP3 
produces positively skewed residuals. There were 14 
instances. Second, we did the same for the unconstrained 
DNN which uses ReLU and the MSE loss, rather than 
ReLU and likelihood loss. This isolates the effect of 
using DNN on the same loss as OLS. That number was 
10 (out of 100). Third, we counted the instances of con-
vergence failure due to vanishing σ2

u for the regular MLE 
in the R package frontier (the Translog estimator) 
and identified the same 14 instances. Fourth, for GAM-
SFM, we observed that the R package semsfa also pro-
duced a wrong skew warning for the same 14 data sets. 
Fifth, we used the unconstrained DNN with the ReLU 
and ELU activations and the likelihood loss (the NN-Relu 
and NN-Elu estimators) and obtained zero instances of 
wrong skew or convergence issues. Finally, we used the 
constrained DNN with CReLU and CELU and the like-
lihood loss (the SNN-CRelu and SNN-CElu estimators) 
and, again, obtained zero instances of wrong skew or 
convergence problems.

Overall, these experiments suggest the the wrong 
skew problem is less prevalent in likelihood-based DNN 
estimators than in any other non-Bayesian estimator we 
consider. We attribute this to the flexibility of DNNs 
combined with the structural requirements imposed by 
the likelihood.
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curves of the three inputs for SNN-CElu and NN-Elu. Two 
things are apparent from the plots. First, SNN-CElu reflects 
decreasing marginal products for all the inputs and is gener-
ally subject to greater statistical uncertainty at higher values 
of inputs. Second, using the shape-agnostic DNN (NN-Elu) 
results in a non-monotone production function with respect 
to two out of the three inputs in this example.

For completeness, Fig.  5 provides kernel density esti-
mates for efficiency scores from the three models, namely 
SNN-CElu, NN-Elu and BART-SFM. It is clear from the 

Specifically, we estimate the variability in the estimation of 
σv (the noise component) and σu (the inefficiency compo-
nent) of the error, as well as draw partial dependence curves 
for inputs. The estimated values are σ̂v = 0.161 with a 95% 
bootstrap confidence interval of (0.11, 0.19), and ̂σu = 0.112 
with a 95% bootstrap confidence interval of (0.076, 0.132). 
For reference, the posterior mode estimates from BART-
SFM are σ̂v = 0.175 with a 95% highest density interval 
(HDI) of (0.134, 0.238), and σ̂u = 0.029 with a 95% HDI 
of (0.017,  0.061). Figure  4 plots the partial dependence 

Table 2  The descriptive statistics and top/bottom ranks of Philippines rice farm technical efficiency scores
Five most efficient Five least efficient

MLE BART NN-Elu SNN-CElu BART NN-Elu SNN-CElu BART NN-Elu SNN-CElu
Mean - 0.9721 0.9508 0.9106 90 114 90 126 89 97
S.D. - 0.0023 0.0142 0.0293 (0.9768) (0.9737) (0.9615) (0.9652) (0.9073) (0.8376)
Min - 0.9666 0.9073 0.8376 104 117 117 94 126 120
Max - 0.9768 0.9737 0.9615 (0.9762) (0.9683) (0.9473) (0.9662) (0.9101) (0.8415)

123 110 123 129 94 94
(0.9754) (0.9682) (0.9443) (0.9672) (0.9225) (0.8426)
117 128 123 97 99 126
(0.9752) (0.9671) (0.9407) (0.9674) (0.9315) (0.8489)
127 127 118 120 118 129
(0.9746) (0.9645) (0.9405) (0.9676) (0.9323) (0.8656)

Fig. 4  Partial dependence plots (solid curve) with 95% bootstrap confidence intervals (shaded area) for SNN-CElu (top panels) and NN-Elu (bot-
tom panels)
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automatically places on top the input with the highest abso-
lute SHAP values (Labor in the upper plot).

The lower panel of Fig. 6 shows that the unconstrained 
estimation violates the property of monotonicity and con-
cavity of SHAP with respect to Labor. This is apparent 
from the mixing of points with high and low Labor (and 
contrasting colors) in the regions with both positive and 
negative SHAP. At the same time, higher values of Labor 
generally coincide with negative SHAP suggesting an 
inverse relationship between labor and its contribution 
to output. Interestingly, in the shape-agnostic model, the 
Labor variable has the smallest contribution to the output 
as measured by the mean absolute SHAP value.

Figure  6 serves two practical purposes. First, it pro-
vides a diagnostic check that the shape restrictions trans-
late into economically sensible local input contributions. 
In the shape-aware model (SNN-CElu), SHAP values 
increase monotonically with input levels, reflecting free 
disposability and diminishing marginal returns at the 
level of individual farms, while the unconstrained model 
does not do that. Second, Fig. 6 highlights heterogeneity 
in input contributions across farms, even when the global 
production frontier is concave. Farms with similar input 

figure that SNN-CElu shows a trimodal distributional pat-
tern that is not detected by the other two approaches. The 
SNN-CElu fit suggests that farms can be classified into low-, 
medium- and high-efficiency farms, with the high-efficiency 
group being most prevalent. The other two approaches pro-
duce significantly different density estimates, unimodal in 
both cases, with the BART-SFM efficiency scores being 
generally higher than both NN-Elu and SNN-CElu.

Finally, we evaluate the SHAP values for this empirical 
example using SHAP value plots and a SHAP dependence 
plot. Figure 6 presents the SHAP value plots for the SNN-
CElu (upper plot) and NN-ELu model (lower plot). Posi-
tive SHAP values indicate farms for which freeing input j 
from the farm’s current value increases the predicted output, 
while negative SHAP values indicate farms for which the 
predicted output would go down if we free up the farm’s 
current input j. The top panel shows that, due to the shape 
constraints imposed by SNN-CElu, the SHAP values grow 
in a monotone fashion with the magnitude of each input, 
color-coded from blue (low) to red (high). Each dot on these 
plots corresponds to a farm, so the plots provide a detailed 
view of input importance and contribution at each data 
point. The plot, produced using the Python package shap, 

Fig. 5  Kernel density estimates 
for efficiency scores from SNN-
CElu (solid), NN-ELU(dotted) 
and BART-SFM(dot-dashed)
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6  Conclusion

This paper introduced shape-aware deep learning to sto-
chastic frontier models in a way that imposes monotonic-
ity and concavity to ensure economic interpretability while 
leveraging the flexibility of deep neural networks. The pro-
posed method (DNN-SFM) demonstrates superior predic-
tive accuracy and robustness in simulations. Our simulation 
experiments and application to real-world production data 
illustrate its ability to overcome such issues as model mis-
specification and the “wrong skew” problem.

The applied SFA community cares deeply about explain-
ing inefficiency, not just estimating it. DNN-SFM is compat-
ible with inefficiency heterogeneity, modeled, for example, 
by making the distributional parameters of Ui depend on 
observed covariates. In particular, one may let σ2

u depend 
on a vector of variables Zi, σ2

u = exp(g(Zi)), where g( ⋅ ) is 
a flexible function approximated by a DNN. Under this for-
mulation, estimation proceeds by jointly training two DNNs, 
one of which is shape-aware, while the other is generic. We 
leave a full investigation of heteroskedastic DNN-SFMs for 
future research.

Another exciting direction for future research is to 
extend DNN-SFM to accommodate panel and spatial data 
structures, allowing for modeling time-varying inefficien-
cies, dynamic productivity changes and geographic spill-
over effects (Parmeter and Kumbhakar 2025). Further 
developing uncertainty qualification for DNN-based SFMs, 
in particular for SHAP values, is also promising. The rel-
evant methodology for this may come from the union of 
such areas as Bayesian neural network modelling (see, e.g., 
Papamarkou et al. 2024), model-agnostic conformal infer-
ence (see, e.g., Angelopoulos et al. 2023), neural network 

levels have very different SHAP values. The observation-
specific interpretation may be more practical than reli-
ance on average partial effects.

Figure  7 presents a SHAP dependence plot from 
the SNN-RElu model for the two inputs with the high-
est contribution to farm production, namely, NPK and 
Labor. The curved relationship between NPK and its 
SHAP value reflects diminishing marginal contributions 
of fertilizer, while the color gradient reveals that the con-
tribution of NPK depends systematically on labor inten-
sity. This interaction would be difficult to detect using 
linear, translog, or additive frontier specifications. From 
an applied perspective, this figure helps explain why 
farms with similar fertilizer usage can exhibit different 
predicted outputs and efficiency levels: differences in 
complementary inputs, such as labor, alter the marginal 
contribution of fertilizer.

Fig. 7  SHAP dependence plot for NPK and Labor based on SNN-CElu

 

Fig. 6  SHAP summary plots for SNN-CElu 
(upper plot) and NN-Elu (lower plot) models
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